Introduction {#Sec1}
============

The application of the Boltzmann equation to the fluid mechanical properties of matter has been extraordinarily successful. The Chapman--Enskog expansion \[[@CR8]\] of its solution provides a mechanistic explanation of viscosity and thermal conductivity, and equally Boltzmann's *H*-theorem provides an explicit basis for the concept of entropy and the laws of thermodynamics.

In this context, one of the intriguing properties of materials is that of phase transition, which on the face of it is inconsistent with the *H*-theorem, which provides a Lyapunov function for the velocity distribution which drives it to a unique (Maxwellian) equilibrium. On the other hand, phase changes correspond to the existence of multiple steady states, as instanced for example by the van der Waals equation, which seems prima facie contradictory to the *H*-theorem. Actually, it is not as straightforward as this, since the equilibrium Maxwellian distribution depends on number density and temperature, and assumes these quantities are spatially uniform; if one allows spatially varying number density, other possibilities can occur, and indeed this is the subject of the present paper.

Of course, the resolution of this apparent conundrum lies in the fact that the *H*-theorem assumes a one particle distribution function $\documentclass[12pt]{minimal}
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                \begin{document}$$f(\mathbf{r},\mathbf{v},t)$$\end{document}$ which is independent of the spatial variable $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{r}.$$\end{document}$ If this restriction is lifted, the possibility of spatial variation arising through an instability occurs, with the interpretation of such an instability being the onset of condensation. It is therefore of interest to examine the stability of the spatially uniform equilibrium of the Boltzmann equation, with a view to understanding how phase transition occurs.

There is, however, nothing in the Boltzmann equation which seems to provide a mechanism for instability; to provide such a mechanism, we will interpret the intermolecular potential as consisting of two parts: a steep repulsive part, which we model as the usual Boltzmann collisional interaction, and a longer range attractive part, and it is this which provides the instability mechanism: attractive forces between molecules induce a tendency to form clusters, and this tendency is enhanced in conditions of high density or low temperature.

A number of authors have investigated this problem. The original approach uses methods of classical statistical mechanics (e. g., Born and Fuchs \[[@CR4]\], Mermin \[[@CR16]\] and van Kampen \[[@CR20]\]), which allow the derivation of the van der Waals equation of state from a virial expansion of the grand partition function (e. g., Schwabl \[[@CR19]\], p. 236 ff). Later authors address the problem directly. For example, Grmela \[[@CR13]\] enunciates essentially the same problem which is of concern here. And indeed, his approach is similar: he writes down a Boltzmann--Vlasov equation similar to that which we present below, where the reference to Vlasov reflects the additional attractive term which is used in theories of plasma dynamics \[[@CR22]\]. But in common with much of the literature on kinetic theory, the presentation is discursive, and the difficulty of dealing with the linearised collision operator prevents any clear conclusion.

Liboff \[[@CR15]\] also presents similar stability results to those we derive below, for a range of different attractive power law potentials, but largely ignores the effects of collisions, only modifying his analysis by including a simplified (algebraic) collision term due to Bhatnagar et al. \[[@CR3]\], yielding the so-called BGK approximation, which is analytically tractable. A similar approach has recently been adopted by Benilov and Benilov \[[@CR2]\].

De Sobrino \[[@CR10]\] takes the application of the Boltzmann equation further. Insofar as phase transition can be understood by derivation of the van der Waals equation of state, he shows that by including the two essential constituents of this equation, intermolecular attraction and molecular crowding, in the prescription of the closure for the two-particle distribution function, the van der Waals equation emerges as the equation of state of the equilibrium solutions. Other approaches and related discussions can be found in the papers of Penrose \[[@CR18]\], Wisnivesky \[[@CR21]\] and Chen \[[@CR9]\].

In this paper we consider the problem of condensation from the point of view of kinetic theory, by analysing the Boltzmann--Vlasov equation for the one particle distribution function, which includes the Boltzmann collision integral and the Vlasov term describing the intermolecular attraction. Although the ideas of scale have been adumbrated before, here we explicitly non-dimensionalise the model, and show that the collision term is small, providing the gas is sufficiently rarified, in the sense that $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu =d/l\ll 1$$\end{document}$: here *d* is molecular diameter and *l* is the mean inter-particle spacing; in practice this assumption is justified, except near the critical point. This allows us to derive an explicit condition for instability, much in the manner of Liboff \[[@CR15]\]; however, we go further by considering explicitly the corrective rôle of the collision integral, and we show that it is small, although we surmise that this is not the case in the condensed phase equilibrium.

The rest of the paper proceeds as follows. In Sect. [2](#Sec2){ref-type="sec"}, we present the Boltzmann equation and its modification by the Vlasov term, and we non-dimensionalise the system, which introduces two important dimensionless parameters: $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu ,$$\end{document}$ as described above, and $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta ,$$\end{document}$ which measures the strength of the inter-molecular attraction. In Sect. [3](#Sec5){ref-type="sec"}, we linearise the model to study spatial instability of the Maxwellian equilibrium, and derive an explicit instability criterion when the density parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu $$\end{document}$ is small. We then study the perturbative effect of the collision integral, and show that its effect is uniformly small, thus validating the accuracy of the approximate stability criterion. Finally, in the concluding Sect. [4](#Sec9){ref-type="sec"}, we offer some conjectures about the subsequent nonlinear evolution of the system.

The Boltzmann Equation {#Sec2}
======================

The basic equation of statistical mechanics is the Liouville equation, from which we can derive the BBGKY hierarchy:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{\partial {f_s}}{\partial {t}}+\sum _{i=1}^s\left[ \mathbf{v}_i\cdot {\varvec{ \nabla }}_{\mathbf{r}_i}f_s+\left\{ \mathbf{g}+\sum _{j=1}^s\mathbf{a}_{ij}\right\} \cdot {\varvec{ \nabla }}_{\mathbf{v}_i}f_s\right] =-\sum _{i=1}^s\int _{P}{} \mathbf{a}_{i,s+1}\cdot {\varvec{ \nabla }}_{\mathbf{v}_i}f_{s+1}\,d\gamma _{s+1}.\nonumber \\ \end{aligned}$$\end{document}$$Here $\documentclass[12pt]{minimal}
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                \begin{document}$$f_s$$\end{document}$ is the *s*-particle distribution function, and is a function of the positions $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{r}_i\in V$$\end{document}$ and velocities $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{v}_i\in U$$\end{document}$ of the *s* particles, as well as time *t*,  $\documentclass[12pt]{minimal}
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                \begin{document}$$P=V\times U$$\end{document}$ is the six-dimensional configuration space of position and velocity, and $\documentclass[12pt]{minimal}
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                \begin{document}$$d\gamma _i$$\end{document}$ is the volume element of that space, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{g}$$\end{document}$ is the external acceleration (typically gravity), and $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{a}_{ij}$$\end{document}$ is the inter-particle acceleration on particle *i* due to particle *j*. If the inter-particle potential is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_{ij}=W(|\mathbf{r}_i-\mathbf{r}_j|),$$\end{document}$ then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathbf{a}_{ij}=-\dfrac{1}{m}{\varvec{ \nabla }}_{\mathbf{r}_i}W_{ij}. \end{aligned}$$\end{document}$$A typical example of such a potential is the Lennard-Jones potential given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} W=W_0\left[ \left( \dfrac{d}{r}\right) ^{12}-\left( \dfrac{d}{r}\right) ^{6}\right] , \end{aligned}$$\end{document}$$where *d* is the molecular diameter; the potential is portrayed in Fig. [1](#Fig1){ref-type="fig"}.Fig. 2The Lennard-Jones potential for inter-particle forces, as given by ([2.3](#Equ3){ref-type=""})

Particularly, the one-particle distribution function $\documentclass[12pt]{minimal}
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                \begin{document}$$f_1=f(\mathbf{r},\mathbf{v},t)$$\end{document}$ satisfies the first equation in the hierarchy:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{\partial {f}}{\partial {t}}+\mathbf{v}\cdot {\varvec{ \nabla }}_{\mathbf{r}}f+\mathbf{g}\cdot {\varvec{ \nabla }}_{\mathbf{v}}f=-\int _{P}{} \mathbf{a}\cdot {\varvec{ \nabla }}_{\mathbf{v}}f_{2}\,d\gamma _{2}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{a}=\mathbf{a}_{12}.$$\end{document}$ The Boltzmann equation now follows from the assumption that the locations of two particles in *P* are independent of each other, so that we take$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} f_2(\mathbf{r},\mathbf{v};\mathbf{s},\mathbf{w};t)=f(\mathbf{r},\mathbf{v},t)f(\mathbf{s},\mathbf{w},t), \end{aligned}$$\end{document}$$and in this case we obtain$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{\partial {f}}{\partial {t}}+\mathbf{v}\cdot {\varvec{ \nabla }}_{\mathbf{r}}f+\mathbf{g}\cdot {\varvec{ \nabla }}_{\mathbf{v}}f=Q, \end{aligned}$$\end{document}$$where the collision integral takes the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} Q=-\int _{P}{} \mathbf{a}(\mathbf{r}-\mathbf{s})\cdot {\varvec{ \nabla }}_{\mathbf{v}}f(\mathbf{r},\mathbf{v},t)f(\mathbf{s},\mathbf{w},t)\,d\mathbf{s}\,d\mathbf{w}. \end{aligned}$$\end{document}$$

Intermolecular Forces {#Sec3}
---------------------

Henceforth we ignore the external body force, thus $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{g}=\mathbf{0}.$$\end{document}$ We are now motivated by the form of the potential in Fig. [1](#Fig1){ref-type="fig"} to consider *W* to consist of two parts: an increasing part for $\documentclass[12pt]{minimal}
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                \begin{document}$$r>d$$\end{document}$ corresponding to long range attractive forces, and a vertical line at $\documentclass[12pt]{minimal}
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                \begin{document}$$r=d$$\end{document}$ which corresponds to collisions between particles. In more detail, we consider $\documentclass[12pt]{minimal}
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                \begin{document}$$W=W_\mathrm{C}(r)+W_\mathrm{LR}(r),$$\end{document}$ with both potentials being zero for $\documentclass[12pt]{minimal}
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                \begin{document}$$W_\mathrm{LR}<0$$\end{document}$ is an increasing function, tending to 0 as $\documentclass[12pt]{minimal}
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                \begin{document}$$r\rightarrow \infty ,$$\end{document}$ while the collisional potential $\documentclass[12pt]{minimal}
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                \begin{document}$$W_\mathrm{C}$$\end{document}$ is 0 for $\documentclass[12pt]{minimal}
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                \begin{document}$$r>d,$$\end{document}$ but ranges from 0 to $\documentclass[12pt]{minimal}
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                \begin{document}$$r=d,$$\end{document}$ representing perfectly elastic collision. In this case, the collision integral can be taken to be the sum of two terms,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} Q=Q_\mathrm{C}+Q_\mathrm{LR}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$Q_\mathrm{C}$$\end{document}$ is the usual Boltzmann form of the collision integral representing perfectly elastic collisions,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&Q_\mathrm{C}=\int _U\int _{\Omega _+}[f(\mathbf{r},\mathbf{v}',t)f(\mathbf{r},\mathbf{w}',t)-f(\mathbf{r},\mathbf{v},t)f(\mathbf{r},\mathbf{w},t)]\,d\Omega \,d\mathbf{w},\nonumber \\&\mathbf{v}'=\mathbf{v}+(\mathbf{V}\cdot \hat{\mathbf{k}})\hat{\mathbf{k}},\quad \mathbf{w}'=\mathbf{w}-(\mathbf{V}\cdot \hat{\mathbf{k}})\hat{\mathbf{k}},\quad \mathbf{V}=\mathbf{w}-\mathbf{v}; \end{aligned}$$\end{document}$$here $\documentclass[12pt]{minimal}
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                \begin{document}$$U={\mathbf{R}}^3$$\end{document}$ is velocity space, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{v}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{w}$$\end{document}$ are the velocities of two colliding particles, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{V}$$\end{document}$ their relative velocity, $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{\mathbf{k}}$$\end{document}$ a unit vector along the line between their centres at the point of collision, and $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{v}$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{V}\cdot \hat{\mathbf{k}}>0$$\end{document}$ (so that the particles are actually colliding, not separating). A more accurate expression due to Enskog allows for the finite size of the particles, but this is not necessary in the present discussion. Further discussion of the Enskog modification is provided in Sect. [4](#Sec9){ref-type="sec"}. $\documentclass[12pt]{minimal}
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                \begin{document}$$Q_\mathrm{C}$$\end{document}$ is associated with the vertical (repulsive) part of the potential, while $\documentclass[12pt]{minimal}
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                \begin{document}$$Q_\mathrm{LR}$$\end{document}$ represents the longer range attractive force,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} Q_\mathrm{LR}=-\mathbf{A}\cdot {\varvec{ \nabla }}_{\mathbf{v}}f, \end{aligned}$$\end{document}$$where for an inter-particle potential as in ([2.2](#Equ2){ref-type=""}), we have from ([2.7](#Equ7){ref-type=""})$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} n=\int _U f\,d\mathbf{v}\end{aligned}$$\end{document}$$is the number density,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} a(\xi )=\frac{W'(\xi )}{m} \end{aligned}$$\end{document}$$is the acceleration associated with the attractive part of the potential \[thus we take $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi >d$$\end{document}$\], and *V* is spatial volume. As mentioned above, the integral in ([2.9](#Equ9){ref-type=""}) over $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega _+$$\end{document}$ is with respect to solid angle in velocity space. Specifically, as shown in Fig. [2](#Fig2){ref-type="fig"}, integration is over the solid angle subtended at $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} d\Omega =d^2\hat{\mathbf{k}}\cdot \mathbf{V}\,d\omega (\hat{\mathbf{k}})=\frac{d^2\,dS}{V}, \end{aligned}$$\end{document}$$where *d* is molecular diameter, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\omega $$\end{document}$ is the element of solid angle indicated in Fig. [2](#Fig2){ref-type="fig"}, $\documentclass[12pt]{minimal}
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Non-dimensionalisation {#Sec4}
----------------------

It is convenient to non-dimensionalise the model. To do this, we define the thermal velocity scale$$\documentclass[12pt]{minimal}
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Linear Stability {#Sec5}
================
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An Approximate Correction {#Sec7}
-------------------------

We now turn to the consideration of the accuracy of this stability criterion. The issue is whether the neglect of the collision integral term $\documentclass[12pt]{minimal}
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Wave Motion {#Sec8}
-----------
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However, ([3.49](#Equ72){ref-type=""}) evidently has no solution. What has gone wrong? The problem is that the singularity of ([3.44](#Equ67){ref-type=""}) allows the more general solution to be$$\documentclass[12pt]{minimal}
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The normalisation condition now leads, after some algebra, towhere we have defined$$\documentclass[12pt]{minimal}
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Discussion and Conclusions {#Sec9}
==========================

It has been previously shown \[[@CR15]\] that the Maxwellian equilibrium distribution of a (rarified) gas is spatially unstable at sufficiently low temperatures, providing the collisional operator can be ignored. Efforts to include collisional effects have been limited to the algebraic BGK approximation \[[@CR2], [@CR15]\], or other such simplifications \[[@CR13]\]. In this paper, we have followed a different approach analogous to that of Keller \[[@CR14]\], where direct asymptotic solutions of the Boltzmann--Vlasov equation are sought. At leading order this reduces the stability problem to that of the collisionless Vlasov problem, but we have additionally shown that the correction due to the collisional term remains small, so that the resulting stability criterion remains accurate.

It remains to consider the nonlinear evolution of the distribution function. This is beyond the scope of the present paper, but the results of de Sobrino \[[@CR10]\] and the scaled equation in ([2.21](#Equ21){ref-type=""}) suggest a way forward. First, the closure for the two-particle distribution function in ([2.5](#Equ5){ref-type=""}) is replaced by$$\documentclass[12pt]{minimal}
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========
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We have chosen for simplicity to use the particle diameter *d* as the length scale over which the long range forces vary. A more general approach allows *a* to vary over a length scale $\documentclass[12pt]{minimal}
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This is not true near the critical point, but we are mainly interested in normal conditions.

Almost the same result occurs in the Eady model of baroclinic instability (Pedlosky \[[@CR17]\], p. 523).

**Publisher\'s Note**

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

I acknowledge the support of the Mathematics Applications Consortium for Science and Industry ([www.macsi.ul.ie](http://www.macsi.ul.ie)) funded by the Science Foundation Ireland Mathematics Grant 12/IA/1683.
